Abstract. This paper shows that divisible abelian torsion groups are realizable as Brauer groups of quasilocal fields. It describes the isomorphism classes of Brauer groups of primarily quasilocal fields and solves the analogous problem concerning the reduced components of the Brauer groups of two basic types of Henselian valued absolutely stable fields. For a quasilocal field E and a finite separable extension R/E , we find two sufficient conditions for validity of the norm group equality N(R/E) = N(R 0 /E) , where R 0 is the maximal abelian extension of E in R . This is used for deriving information on the arising specific relations between Galois groups and norm groups of finite Galois extensions of E .
Introduction and statements of the main results
This paper is devoted to the study of norm groups and Brauer groups of the fields pointed out in the title, i.e. of fields whose finite extensions are primarily quasilocal (abbr., PQL). Our main result describes, up-to an isomorphism, the abelian groups that can be realized as Brauer groups of several basic types of PQL-fields (see Theorem 1.2, Propositions 2.3 (ii), 3.4 and Section 6). For a quasilocal nonreal field E and a finite separable extension R/E , it gives two sufficient conditions that the norm group N(R/E) coincides with N(R/E) Ab , the norm group of the maximal abelian extension of E in R (see Theorem 1.1). This allows us to clarify essential algebraic and topological aspects of the behaviour of norm groups of finite Galois extensions of E .
The basic notions needed to present this research are the same as those in [7] ; the reader is referred to [17; 19; 25; 30 and 14] , for any missing definitions concerning [7, I , Theorem 3.1 (ii) and Lemma 3.5] , shows that an abelian torsion group T is isomorphic to Br (E) , for some nonreal PQL-field E , if and only if T is divisible (for the formally real case, see Propositions 6.4 (i) and 3.4); this specifies observations made at the end of [34, Sect. 3] . When T is divisible, it states that E can be found among quasilocal fields so as to solve one of the main inverse problems related to (1.1) and (1.2). Theorem 1.2. Let E 0 be a field, T a divisible abelian torsion group, T 0 a subgroup of Br (E 0 ) embeddable in T , and let χ and χ ′ be subclasses of Fin , such that Nil ⊆ χ ⊆ χ ′ . Assume also that any class χ , χ ′ is abelian closed unless it equals
Nil . Then there exists a quasilocal and nonreal extension E = E(T) of E 0 with the following properties:
(i) Br (E) ∼ = T , E 0 is separably closed in E , ρ E/E 0 maps T 0 injectively into Br (E) , and each G ∈ Fin is realizable as a Galois group over E ;
(ii) For each finite extension R of E in E χ , N(R/E) = N(R/E) Ab ; moreover, if χ = Nil , then ρ E/R is surjective; Since n -dimensional F -algebras embed in the matrix F -algebra M n (F) , for any field F and n ∈ N , these assertions and well-known properties of tensor products (see [25, Sects. 9 (1.3) For each divisible abelian torsion group T , there is a quasilocal field E , such that Br (E) ∼ = T , all G ∈ Fin can be realized as Galois groups over E , and N(R/E) = N(R/E) Ab , for every finite extension R of E in E sep .
When χ = Nil or χ is abelian closed with Nil ⊂ χ = Fin , the conclusions of Theorem 1.2 in the special cases of χ ′ = χ and χ ′ = Fin amount essentially to the following:
(1.4) For each divisible abelian torsion group T , there exist quasilocal fields E 1 and E 2 with Br (E i ) ∼ = T , i = 1, 2 , and such that:
(i) All G ∈ Fin are realizable as Galois groups over E 1 and E 2 , and whenever
(ii) N(M 2 /E 2 ) = N(M 2 /E 2 ) Ab , provided that M 2 ∈ Gal(E 2 ) and G(M 2 /E 2 ) ∈ χ .
For each G ∈ Fin \ χ , Gal (E 2 ) contains elements M(G) 1 
4.8])
. These facts and the topological interpretation of Theorem 1.2 in Section 6 allow one to appreciate from an algebraic point of view the Neukirch-Perlis generalization of LCFT, and without artificial limitations, to incorporate it in the study of quasilocal fields and other related areas.
Here is an overview of the paper: Section 2 includes preliminaries needed in the sequel, such as statements of frequently used projection formulae relating the corestrictions of Brauer and character groups of an arbitrary finite separable extension. The proofs of these formulae (and of Proposition 2.8) given in [10] as well as of Propositions 4.1 and 6.8 show that Theorem 1.2 (i)-(ii), applied T 0 = Br(E 0 ) and χ = Fin , provides useful tools for the study of various aspects of Brauer group theory on a unified basis. Theorems 1.1 and 1.2 are proved in Sections 3 and 5, respectively. The technical preparation for the proof of Theorem 1.2 is made in Section 4 and its results seem to be of independent interest. As an application of Theorem 1.2, we describe in Section 6 the isomorphism classes of Brauer groups of formally real PQL and of strictly PQL-fields, and do the same for the reduced parts of the Brauer groups of two basic types of Henselian valued absolutely stable fields.
Preliminaries on norm groups, p -quasilocal fields
and corestrictions of Brauer and character groups (2.1) Let E be a field and Nr (E) the set of norm groups of its finite extensions in E sep . We say that E admits LCFT, if the mapping π: Ω(E) → Nr(E) , by the rule π(F) = N(F/E): F ∈ Ω(E) , is injective, and whenever M 1 , M 2 ∈ Ω(E) , N(M 1 M 2 /E) = N(M 1 /E) ∩ N(M 2 /E) and N(M 1 ∩ M 2 /E) = N(M 1 /E)N(M 2 /E) (as usual, M 1 M 2 is the compositum of M 1 and M 2 ). We call E a field with local p -class field theory (local p -CFT), for some p ∈ P , if the restriction of π on the set Ω p (E) has the same properties.
The following lemma (proved, e.g., in [5] ) implies that a field E admits LCFT if and only if it admits local p -CFT, for every p ∈ P(E) . When E is of this kind, [7, I,
Lemma 2.1. Let E , R and M be fields, such that R ∈ I(M/E) , R = E , M ∈ Gal(E) and G(M/E) ∈ Nil . Let P(R/E) be the set of prime divisors of [R: E] , and R p = R ∩ E(p) , for each p ∈ P(R/E) . Then R equals the compositum of the
and the quotient group E * /N(R/E) is isomorphic to the direct group product
Henceforth, Syl p (M/E) denotes the set of Sylow p -subgroups of G(M/E) , for any M ∈ Gal(E) , p ∈ P . For the proof of the following lemma, we refer the reader to [7, II] .
Lemma 2.2. Let E and M be fields, M ∈ Gal(E) and P(M/E) = {p ∈ P:
The main results of [7, I] used in the present paper (supplemented by a well-known result on orderings in Pythagorean fields), can be stated as follows:
Assume that E is a p -quasilocal field, for some p ∈ P(E) , R is a finite extension of E in E(p) , and D ∈ d(E) is an algebra of p -primary index.
Then: (i) R is a p -quasilocal field and ind (D) = exp(D) .
(ii) Br (R) p is a divisible group unless p = 2 , R = E and E is formally real. In the
this occurs if and only if E is Pythagorean with a unique ordering.
(iv) R embeds in D as an E -subalgebra if and only if [R: E]|ind(D) .
The following lemma provides an easy method of constructing p -quasilocal fields. Before stating it, recall that a field extension F/F 0 is said to be regular, if F 0 is separably closed in F and I(F/F 0 ) contains an element F ′ 0 , such that F ′ 0 /F 0 is rational (i.e. purely transcendental) and F/F ′ 0 is separable. It is known that the tensor product ⊗ F 0 Λ i , i ∈ I , of such extensions is a domain with a fraction field F(I) regular over F 0 . We call Λ(I) a tensor compositum of the fields Λ i over F 0 , and write Λ(I) = ⊗ F 0 Λ i . Recall further that the class Reg (F 0 ) of regular extensions of F 0 contains the function fields of the F 0 -varieties (i.e. algebraic varieties defined over F 0 and irreducible over F 0,sep ) considered in this paper. In what follows, we shall use without an explicit reference the well-known facts that F 1 ⊗ F 0 Λ ∈ Reg(F 1 ) whenever Λ ∈ Reg(F 0 ) and F 1 is a finite extension of F 0 in F 0,sep , the image of 
Throughout this paper, Cor F/E denotes the corestriction homomorphism of Br (F) into Br (E) , and Ker (F/E) stands for the kernel of Cor F/E , for any finite separable extension F/E . The first part of the following statement, complemented by Proposition 3.4, gives evidence of close relations between Cor F/E and quasilocal nonreal fields: (2.3) (i) E is p -quasilocal if and only if Cor R/E maps Br (R) p injectively into Br (E) p (i.e. Br (R) p ∩ Ker(R/E) = {0} ), for each finite extension R of E in E(p) [10, (1.2) 
(ii) If E is p -quasilocal and R is a finite extension of E in E(p) , then: ( α ) E admits local p -CFT, provided that Br (E) p = {0} [8, Theorem 3.1]; in particular, N(R/E) = E * unless R = E ;
Statement (2.3) (i), Proposition 3.4 and the noted proofs of (2.3) (ii) help us observe the possibility to apply Theorem 1.2 (i) and the second assertion of Theorem 1.2 (ii)
to the study of Cor F/E . This is demonstrated by the alternative proofs in [10] of two known projection formulae (see [31, page 205] ). We first state a special case of the first projection formula, which is particularly easy to apply.
Proposition 2.5. Let E , F and M be fields with M ∩ F = E , F ⊆ E sep and M cyclic over E , and letσ be a generator of G(M/E) . Then MF/F is cyclic,σ extends uniquely to an F -automorphism σ of MF , G(MF/F) = σ and Cor F/E maps the similarity class of the cyclic F -algebra (MF/F, σ, λ) into
Let now E be a field and F a finite extension of E in E sep , r E/F the restriction homomorphism C E → C F , and cor F/E the corestriction map C F → C E . It is known (cf. [17, Ch. 7, Corollary 5.3] ) that C F is an abelian torsion group and for each p ∈ P , its p -component can be identified with the character group C(F(p)/F) of G(F(p)/F) . Recall that for each χ ∈ C F , the fixed field L χ of the kernel Ker (χ) is cyclic over F ; we denote by σ χ the generator of G(L χ /F) induced by anyσ χ ∈ G E satisfying the equality χ(
These observations enable one to deduce from Proposition 2.5 the first projection formula in general (see the proof of [10, (3.1)]):
The second projection formula is contained in the following result, which is used for proving Theorem 3.1:
Proposition 2.6. Let E be a field, F a finite extension of E in E sep , c and χ elements of E * and C F , respectively. Then 3. p -primary analogue to Theorem 1.1
Let E be a field, R a finite extension of E in E sep , and H(E) n = {h n : h ∈ H(E)} , for any subgroup H(E) of E * and each n ∈ N . For each p ∈ P , let R Ab,p = R ∩ E Ab ∩E(p) , ρ p be the greatest divisor of [R: E] , and N p (R/E) = {u p ∈ E * : the co-
Ab ⊆ N(R Ab,p /E) , p ∈ P , so Theorem 1.1 can be deduced from the following result (in the case of Ω = E sep ): 
Hence, by the p -quasilocal property of finite extensions of L , one may assume further that L = E . Let R be the 
. This, applied to the case of F = Φ p , enables one to deduce from (2.3) (ii) ( α ) and ( γ ) that Our next result characterizes the fields whose finite extensions are p -quasilocal, for a given p ∈ P . It simplifies the proof of Theorem 3.1 (i) and leads to the idea of constructing quasilocal nonreal fields and formally real PQL-fields by the method followed in this paper. 
is formally real and its formally real finite extensions in Ω are uniquely ordered Pythagorean fields; when Ω = E , this holds if and only if
2 ∈ P(Ω) , G(Ω/E( √ −1)) is abelian, cd 2 (G(Ω/E( √ −1)) = 0 and G(Ω/E) is continuously isomorphic to the semidirect product G(Ω/E( √ −1)) × σ , where σ 2 = 1 and στ σ = τ −1 , for all τ ∈ G(Ω/E( √ −1)) .
If (cc) is satisfied and
and F ′ is a finite extension of F in F(p) . We first prove that the fulfillment of (c) implies that finite extensions of E in Ω are p -quasilocal. To begin with, (2.3) (i) and Proposition 2.3 (ii) guarantee that E is p -quasilocal and Br (E) p is divisible. Observe that both properties are preserved by each M ∈ Gal(E) , M ⊆ Ω . If p ∈ P(M) , this follows at once from Proposition 2.3 (ii), so we assume further that p ∈ P(M) . Denote by F the prime subfield of E , and by Γ p the unique Z pextension of F in E sep . The divisibility of Br (M) p can be deduced from Witt's theorem (see [11, Sect. 15] ), if p = char(E) , and from the Merkurjev-Suslin theorem [23, (16.1) ] in case p = char(E) and Γ p ⊆ E . Assuming that Γ p ⊆ E , one obtains from Galois theory that MΓ p /M is a Z p -extension, and for each n ∈ N , Gal (E) contains the field M n ∈ I(MΓ p /M) of degree [M n : M] = p n . Hence, by (c) and the
This enables one to deduce the following statements, arguing as in the proof of [7, I, Theorem 3.1]:
Statement ( 
In view of (c), this means that
Br ( M) , respectively). In other words, D is split by M ′ and D is split by M , so the p -quasilocal property of M becomes obvious.
Suppose now that R is an arbitrary finite extension of E in Ω and denote by R 1 its normal closure in E sep over E . By definition, R is p -quasilocal, if p ∈ P(R) or Br (R) p = {0} , so we assume that p ∈ P(R) and Br (R) p = {0} . Note first that Br (R) p is divisible. As in the special case where R = R 1 , one sees that it is sufficient to prove our assertion under the hypothesis that Γ p ⊆ E . Applying 
On the other hand, R 1 is p -quasilocal and
The obtained contradiction completes the proof of the divisibility of Br (R) p , so we return to the assumption that p ∈ P(R) and
into Br (R) p , so the assertion that R is p -quasilocal reduces to a consequence of (2.3) (i).
Assume now that E is formally real and p = 2 . Note first that it suffices for the proof of Proposition 3.4 (cc) to show that if Ω = E and formally real finite extensions of E in Ω are 2 -quasilocal, then 2 ∈ P(Ω) and Br (Φ) 2 = {0} , for
3)]), [9, Proposition 3.1] and the latter part of Proposition 2.3 (ii). Observe that every admissible Φ is a nonreal field. Indeed, for each primitive element ξ of Φ/E and any g ∈ G(Φ/E) , the trace Tr Φ E (ξ − g(ξ)) equals zero. Therefore, the hypothesis that Φ is formally real requires that (ξ − g(ξ)) ∈ Φ * 2 ∪ (−1)Φ * 2 . In view of Proposition 2.3 (ii), when g = 1 , this contradicts the assumption that Φ is 2 -quasilocal, so the assertion that Φ is nonreal is proved. Let E 2 be the fixed field of some G 2 ∈ Syl 2 (G(Φ/E)) . Then 2 |[E 2 : E] , and by the Artin-Schreier theory (cf.
[19, Ch. XI, Proposition 2]), E 2 is formally real. Hence, by Proposition 2.3 (ii), Φ = E 2 ( √ −1) , 2 ∈ P(Φ) and 2 |[Φ: E( √ −1)] , so Br (Φ) 2 = {0} and 2 ∈ P(Ω) , which proves (cc).
Henceforth, we assume that Ω = E sep . This ensures that P(E) = {2} , E Ab = E( √ −1)
and Br (E) is of order 2 (cf. [4, (3. 3)] and [9, Lemma 2.4]). Let L be a finite extension
and
and L is formally real, 
Proof. The conclusion that Br (L) p is divisible follows from Proposition 2.3 (i), the divisibility of Br (E) p and the p -quasilocal property of E and L . For any
The rest of the proof relies on the well-known fact (see, e.g. [33] ) that for each tower 
Returning to the beginning of our proof, one also sees that (i) implies
which completes the proof of the implication (i) → (iii). As (iii) obviously implies (i), Corollary 3.5 is proved.
Now we prove Theorem 3.1 (i) in the case where Br (E) p = {0} and R = M .
Let E p be the fixed field of a group G p ∈ Syl p (M/E) , and let [
For the proof of Theorem 3.1 (i) in the case of Br (E) p = {0} , we need the following lemmas.
and σ a generator of G(M/E) . Assume that p does not divide the index of the commutator sub-
, this reduces our assertion to a consequence of Proposition 2.6.
Lemma 3.7. With assumptions being as in Theorem
Proof. Clearly, one may consider only the special case of R = M = E and Br (E) p = {0} . 
Proof. It is sufficient to prove the lemma under the hypothesis that N(
, whenever E ′ and p satisfy the conditions of The- 
with C π n ⊂ G(M/E) cyclic of order π n , for some π ∈ P and n ∈ N . The centre of G(M/E) equals the subgroup of C π n of order π n−1 , and θ = p k , where k is the order of p modulo π .
It follows from (3.2) and Galois theory that [
Hence, by Lemma 3.7, E * ⊆ N(M/E p ) and E * π (i) There exists a nonreal SQL-field E , such that G E is not pronilpotent but is metabelian and every finite extension R of E in E sep is subject to the alternative
(ii) Let F be a formally real quasilocal field and Φ a finite extension of F in F sep . We have already proved that then G F is metabelian, is uniquely determined by the F -isomorphism class of Φ ; hence, Φ is subject to the alternative in (i) unless F is real closed. It follows from Corollary 3.5 and Remark 3.9 (ii) that the conditions of Theorem 1.1 (i) guarantee the surjectivity of ρ E/R , for all R ∈ I(M/E) . This means that Theorem 1.1 (i) is a special case of Corollary 3.10. Remark 3.9 (ii) shows that the conclusion of Theorem 1.1 (i) is not necessarily true without the assumption that M ∈ Gal(E) . We prove in Section 6 that the scope of Corollary 3.10 is larger than that of Theorem 1.1 (i). 
is a norm form of M j /E in an n j -tuple X j = (X j,1 , . . . , X j,n j ) of algebraically independent variables over E , c j ∈ E * , and Λ(M j /E; c j ) is the fraction field of the quotient ring
, where ⊗ = ⊗ E , has the following properties:
s , where L j runs across the set of cyclic extensions of
is a domain, its fraction field Θ j is rational over M j of tr-degree n j − 1 , and G(M j /E) acts on Θ j as a group of automorphisms. Therefore, Θ j /M j is regular and Λ(M j /E; c j ) is the fixed field of G(M j /E) in Θ j . In view of [19, Ch. VII, Proposition 20] , this implies
It is now clear that Λ(M j /E; c j )/E is regular and 
Λ(M/E; c)) . We prove the converse implication. By [13, Theorem 1], there is B(M/E) ∈ I(Θ/E) which is E -isomorphic to ⊗ E of function fields of Brauer-Severi E -varieties, such that Br (B(M/E)/E) = B c (M/E) . This ensures that E is algebraically closed in B(M/E) . Therefore, considering MB(M/E)/B(M/E) instead of
M/E , one obtains that Proposition 4.1 (ii) will follow, if we show that Br ((MΛ(M/E; c))/Λ(M/E; c)) = {0} in case B c (M/E) = {0} . Applying Theorem 1.2 (i) and the concluding statement of Theorem 1.2 (ii) as in the proof of Proposition 2.6 in [10] (with E instead of E 0 ), and using Theorem 1.1, one sees further that it suffices to prove the final assertion of Proposition 4.1 (ii). Suppose first that [M: E] = p , for some p ∈ P . We show that Br (Λ(M/E; c)/E) = {0} by proving the following statement:
It is sufficient to establish (4.2) in the case of c = 1 . Fix a generator σ of G(M/E) and put Assume now that [M: E] = p k , for some p ∈ P(E) and k ∈ N , k ≥ 2 . Proceeding by induction on k and using the fact that finite extensions of E are quasilocal, one obtains that it suffices to prove Proposition 4.1 (ii) when c ∈ N(M/E) , under the hypothesis that its conclusion holds in general, for every Galois extension Φ/Φ 0 of degree p u < p k , where u ∈ N . This ensures the validity of (4.1)
and R j = R j (S j ) , for j = 1, . . . , k . It is easy to see that G(R j /E) is an automorphism group of R j whose fixed field, say N j , is E -isomorphic to Λ(R j /E; c) and satisfies the equality N j (S j ) = R j ( S j will be viewed as a standard generating set of R j /R j in Λ(M/E; c) ). To prove that Br (Λ(M/E; c)/E) = {0} we show (setting B 0 = Φ 0 = E ) the existence of a tower of field extensions 
(ii) B j is an (R j T j )/T j -transfer of an extension B ′ j of R j T j isomorphic to a tensor compositum over R j T j of function fields of Brauer-Severi (R j T j ) -varieties, and such that Br (B ′ j /(R j T j )) equals the sum Γ j of the images of the groups Br (Λ(M R j / R j ; s j )) , s j ∈ S j , under ρ R j /(R j T j ) . In particular, T j is algebraically closed in B j .
(iii) Br (B j /T j ) equals the image of Γ j under Cor (R j T j )/T j , and
The first part of (4.3) (iii) and the second half of (4.3) (ii) are implied by the first part of (4.3) (ii) and the following lemma. guarantee that S j ⊂ N(I j B j /R j B j ) , for every I j ∈ I(M/R j ) cyclic over R j . As B j is separably closed in Φ j , this means that S j ⊂ N(I j Φ j /R j Φ j ) , so it follows from Galois theory and the p -quasilocal property of Φ j (apply (2.3) (ii)) that
, for each admissible j . These facts enable one to deduce (4.3) (i) from the following lemma.
Suppose also that the inductive hypothesis holds and fix an element
, for a rational extension Ω ′ of R satisfying the following conditions: The latter assertion of (4.3) (iii) follows from the former one and our next lemma.
Lemma 4.4. With assumptions and notation being as in Lemma 4.3, let Λ
, and let Σ LΛ R be the sum of the images of the groups 
Observing that L is algebraic over E(Z
, and using (4.1), the infinity of E and the definition of the corestriction mapping, one proves the following: We are now in a position to complete the proof of (4.3) and Proposition 4.1. The existence of B ′ j satisfying the conditions in the first part of (4.3) (ii) is obtained by applying [13 
For the proof in general, take G p and E p as in Lemma 3.6. By Lemma 2.2, c ∈ N(M/E p ) , so (4.1) and the established special case of our assertion imply that Br (E p Λ(M/E; c))/E p ) = {0} . It is now easy to see that Br (Λ(M/E; c)/E) ∩ Br(E) p = {0} , for every p ∈ P (see [25, Sect. 13.4] ), which completes the proof of Proposition 4.1 (ii). 
, put Σ j = Σ ∩ M and let Λ j /E be of one of the following types:
Suppose also that ∆ j = Br(Λ j Σ j /Σ j ) in case (i), and let ∆ j be the image of to Br ( Σ/Σ) , we complete our proof.
Proof of Theorem 1.2
Let E 0 be an arbitrary field. Theorem 1.2 will be proved by constructing E as a union of a certain tower of fields E n : n ∈ N , such that E 0 ⊂ E 1 and E n−1 is algebraically closed in E n , for every index n . It should be emphasized that the proof of Theorem 1.2 (i) and of the latter part of Theorem 1.2 (ii) in the special case where χ = Fin does not use Proposition 2.8 in full generality and is independent of Propositions 2.6, 4.1 and 4.6 (i) (but relies on Lemma 4.2 and Propositions 3.4 (c),
(ii))
. In order to ensure generally that our construction has the desired properties we also need the following lemmas.
Lemma 5.1. Let E and M be fields, and χ an abelian closed class, such that
is simple or has a unique minimal normal subgroup G 0 ; in the former
Proof. Suppose for a moment that G(M/E) has normal proper subgroups H 1 and H 2 , such that H 1 ∩ H 2 = {1} . Then Galois theory and our assumptions ensure that G(M/E)/H j ∈ χ , for j = 1, 2 . Hence, by the choice of χ , it contains G(M/E)/H 1 × G(M/E)/H 2 , and since G(M/E) embeds canonically into
ing Lemma 5.1 (i). In the rest of the proof, we may assume that G(M/E) has a unique minimal normal subgroup G 0 . It is well-known that if G(M/E) ∈ Sol , then G 0 ∈ Ab and G 0 is of exponent p ∈ P . Conversely, if G 0 ∈ Ab , then χ could not be abelian closed (by Galois theory and the assumptions on M/E ), so the conditions on χ guarantee that it equals Nil . Since Sol is closed under the formation of group extensions, this proves Lemma 5.1 (ii). Suppose finally that G(M/E) ∈ Sol and fix a group G p ∈ Syl p (M/E) . As G(M/E) ∈ Nil and Nil is a saturated group formation (in the sense of [32] ), G 0 is not included in the Frattini subgroup of G(M/E) .
Hence, G(M/E) = G 0 H , for some maximal subgroup H of G(M/E) . In view of Lemma 5.1 (ii), this means that G 0 ∩ H = {1} and H ∼ = G(M/E)/G 0 . In particular, H ∈ Nil , which implies that G p is normal in G(M/E) . The centre Z(G p ) of G p is characteristic in G p , so the obtained result shows that Z(G p ) is normal in G(M/E) . As G 0 ∩ Z(G p ) = {1} (see [19, Ch. I, Sect. 6]), the minimality of G 0 im-
It is now easily seen that the group
This, however, means that G(M/E) ∼ = G 0 × G(M/E)/G 0 , which contradicts the assumption that G(M/E) ∈ Nil , and so proves Lemma 5.1 (iii). 
, respectively, and 
(ii) M i ⊆ E Nil and Λ i = Λ(M i /E; c i ) , for some c i ∈ E * , and i = 1, . . . , s ;
(iii) For each index j , Λ j is of type (ii) (in the sense of Proposition 4.6) and
Proof. Arguing as in the concluding part of the proof of Proposition 4.6, one reduces our considerations to the case of s = 1 . As E , M and χ satisfy the conditions 
, which enables one to obtain similarly that Br ( .2)), so one may assume for the proof that T 0 = T . It is known [36] that each profinite group G is (continuously) isomorphic to G(L(G)/K(G)) , for some rational extension L(G)/E of countable tr-degree and a suitably chosen K(G) ∈ I(L(G)/E) . Since Br (L(G)/E) = Br(K(G)/E) = {0} , this applied to the case in which G is a topological product of the groups in R Fin , allows us to assume for the proof of Theorem 1.2 that all G ∈ Fin are realizable as Galois groups over E 0 . It follows from the choice of E 0 that it has Galois extensions Σ 0,1 and Σ 0,2 in E 0,sep , such that Σ 0,1 ∩ Σ 0,2 = E and each G ∈ Fin is isomorphic to G(Y j /E) , where Y j ∈ Gal(E) and Y j ⊆ Σ 0,j , for j = 1, 2 . Our objective is to prove the existence of a quasilocal extension E/E 0 with the properties required by Theorem 1.2. The field E will be obtained as a union ∪ ∞ n=1 E n of an inductively defined tower of regular extensions of E 0 . Suppose that the field E k has already been defined, for some integer k ≥ 0 , and denote by T k the image of T 0 = T under ρ E 0 /E k . As T k is divisible, it is a direct summand in Br (E k ) , i.e. Br (E k ) possesses a subgroup T
Identifying E k,sep with its E k -isomorphic copy in Λ k,sep , put Σ k,j = Σ 0,j Λ k , for j = 1, 2 . The regularity of Λ k /E k ensures that E k is algebraically closed in Λ k , so it follows from Galois theory that Σ k,1 /Λ k and Σ k,2 /Λ k have the same properties as Σ 0,1 /E 0 and Σ 0,2 /E 0 . Denote by Z k the extension of Λ k defined as follows:
, and by
It is easily obtained from Galois theory and case (ii) of Proposition 4.6 that
Observing further that Sol equals the intersection of abelian closed group classes, and applying Lemmas 2.2 and 5.3, one obtains the following result:
Putting Θ k = Θ k and E k+1 = Θ k in the cases of χ ′ = Fin and χ = Fin , respectively, we continue the presentation of the inductive step in our construction with the definition of the extension Θ k /Θ k in the case where
∈ Sol} , and let Ω k /Θ k be a rational extension with a tr-basis
. It is not difficult to see that Θ k and Ω k are algebraically closed in Θ k . At the same time, one observes that
for any finite extension O k of Θ k in Θ k,sep and any F k ∈ I(O k /Θ k ) . Thus it follows that the conditions of Lemma 5.3 are fulfilled by Θ
Identifying Θ k,sep with its Θ k -isomorphic copy in Θ k,sep , one deduces from Proposition 4.1 and Lemmas 3.6, 5.3 and 2.2 that
, and also, that
′ , and let Ω k / Θ k be a rational extension with a tr-basis
It is easily seen that Θ k and Ω k are algebraically closed in ∆ k .
Note also that X
and Ω k,sep with their isomorphic copies in ∆ k,sep (over Θ k and Ω k , respectively), one deduces from Proposition 4.1 that
Using Galois theory and Lemmas 3.6, 5.3 and 2.2, one also proves the following:
We are now in a position to finish the construction of E k+1 and to show that the field E = ∪ ∞ n=1 E n is quasilocal and has the properties required by Theorem 1.2 (i) and (ii). Let E k+1 = ∆ k , provided that χ = Nil , and suppose further that χ = Nil . Denote 
we finish the construction of E . It is easily verified that E n+1 /E n and E/E n are regular, and that E n , Λ n , W n , Θ n , Θ n and ∆ n are algebraically closed in E n+1 and E , for all n ∈ N . Hence, by Galois theory and the observation preceding statement (5.1), E has the following property: (5.4) For each G ∈ Fin and j = 1, 2 , there exists M j (G) ∈ Gal(E) ∩ I(Σ 0,j E/E) , such that G(M j (G)/E) ∼ = G .
Note also that ρ E n /E n+1 maps T n bijectively upon T n+1 , for every n ∈ N , and each L ∈ Gal(E) has a subfield L k ∈ Gal(Λ k ) , such that G(L k /Λ k ) ∼ = G(L/E) , for some k ∈ N . When L k ⊆ Z k , this implies that L k Λ n ⊆ Z n and Ker (Cor (L k Λ n )/Λ n ) ⊆ Br(L k E n /L k Λ n ) , for n > k . Therefore, ρ E 0 /E maps T 0 = T isomorphically on Br (E) , and whenever L ∈ Gal(E) and L ⊆ ∪ ∞ n=1 Z n : = Z ∞ , Cor L/E is injective. Similarly, it follows from Galois theory and the established properties of E n , Λ n , Θ n and E n+1 that if E ′ and E the extra hypothesis on R and the noted properties of the construction of E , Br (R n ) p ∩ Br(R n+1 /R n ) ⊆ Im p (V n /R n ) , for every index n ≥ k . In view of the RCformula and the choice of p , these observations show that ρ R k /R maps Ker p (R k /V k ) injectively into Ker p (R/V) . In particular, it turns out that Ker p (R/V) = {0} , so Proposition 6.2 is proved.
Our next result, applied to the formation Ψ of supersolvable groups W ∈ Fin , and to a set S of profinite groups containing an isomorphic copy of the symmetric group Sym 4 , proves the existence of a quasilocal field E , such that Sym 4 is realizable as a Galois group over E , and each M ∈ Gal(E) with G(M/E) ∼ = Sym 4 satisfies both the condition of Corollary 3.10 and the one that ρ E/Φ is not surjective, for any Φ ∈ Gal(E) including M . This indicates that the assertions of Theorem 1.2 (i), (ii) and (iv) cannot simultaneously be true, if χ and χ ′ are replaced by Ψ and Sol , respectively. Proof. The field E can be obtained as an extension of an arbitrary fixed field E 0 , which is a union E = ∪ ∞ n=0 E n of an inductively defined tower, such that E n /E n−1 has the properties required by Proposition 6.2 with respect to E n−1,Ψ , for each n ∈ N . (ii) Finite extensions of E in E Odd are p -quasilocal, for every p ∈ P \ {2} , and all G ∈ Odd are realizable as Galois groups over E ; (iii) A finite extension R of E in E Odd is included in E Ψ if and only if Br (R) p ⊆ Im(E/R) , for every p ∈ P \ {2} ; if R ∈ I(E Ψ /E) , then Br (R) p ′ ∩ Im(E/R) = Br(R) p ′ , for any p ′ ∈ P \ {2} , p ′ |[R:
Proof. We obtain E as a union ∪ ∞ n=1 E n of a field tower defined inductively as in the proof of Corollary 6.3. Omitting the details, note that E is constructed by considering Odd , P \ {2} and the sums of the subgroups T 0,p : p > 2 , Br (E n ) p : p > 2 , instead of Fin , P , T 0 and Br (E n ) , respectively, extending at the end of the inductive step the obtained field by a real closure in its maximal 2 -extension. The correctness of the construction is proved essentially as in the proof of Proposition 6.2; the Artin-Schreier theory ensures that E n , n ∈ N , and E are formally real, since the function field of each of the Brauer-Severi varieties V used for constructing E embeds over the field of definition Φ(V) of V into a field R(V) that is rational over some extension Φ ′ (V) of Φ(V) of odd degree. Proof. Our latter conclusion follows at once from Theorem 1.2, and in case Sup(T) = P , the former one is contained in Theorem 1.2 and Proposition 6.4. Assume now that Sup(T) = P , put Sup(T) = P \ Sup(T) , consider a field F 0 with Br (F 0 ) ∼ = T , and let T 0 = {0} ⊂ Br(F 0 ) . Then one can take as F the union ∪ n=0 F ′ n = ∪ n=0 F ′′ n = ∪ n=1 F n of fields defined inductively so as to satisfy the following conditions, for each index n ≥ 0 : one may use only a countable iteration of (6.2) (ii), with (F n , F n+1 ) instead of (F ′ n , F ′′ n ) , for any n .
